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DEFINITION OF SYMBOLS
d missile's statlc margin
i solenold current, milliumps .
K static guln constant of the misslle, %?, degrees/

second per degree

Ka static gain constant of the autopilot, iﬂ, degrees

€1

per volt

Kg static gain constant of the missile, 0., g's per
degree/second ®

Ko stutlic galn constant of the amblifier and solencid,
milliamps per volt

Kp static gain constant of the rate gyro and servomotor
comoination, 33, degrees per degree/second

Ky proportionality constunt between the transfer valve
linear displacement and solenold current, %, inches
per milliamp

Ko proporticnality constant between tne‘servomotor.out-

put velocity and the transfer valve linear dis-

placement, %, inches/second per ‘inch
K3 proportionality constant between the feedback voltage
and the servomotor linear displacement, €2, volts

x
per inch

o=

Mach number, nondimensidnalized constant
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nondimensionalized normal acceleration of the missile,
g's |

Laplace trunsform varlable corresponding to the
differential-operator, D 4 é%

servomotor llnear displacement, inches

transfer valve linear displacement, inches

missile ungle of attack, degrees

misslile flight-path angle, degrees

control-surfuce deflection of the mlssile, 6, - 64,

degrees

control-surfuce-deflection output of the autopilot,
degrees

control-surface-deflection output of the rate gyro
and servomotor combtlinatlon, degrees

quadratic damping ratlo of the autoplilot, non-
dimensionallzed constant

quadratic dampling ratio of the missile, non-
dimensionalized constant

autopilot error signal, €] - €3, Volts

control system error signal sensed by the autopllot
free gyro, 91 - 8,, volts

autopilot feedback voltuge proportional to the servo-

motor linear displacement, volts
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.
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input attitude commund signal measured from some
reference or uncaged autopllot gyro position,
degrees

output attiiude angle measured from the same reference
as By, degrecs

time censtunt of tne missile's linear factor, seconds

time conctant of tne amplifier und solenold, secondsr

mizsile's roll angle

undamped natural frequency of the autopllot, radlans
per second

undurped nuturaul frequency of the mlssile, radians

per second
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CHAPTER I
INTRODUCTION

Tyoes and purpose for controls. The generual research

prosram of automatic control and stablilization at .the Pilot-
less aAlrcraflt Reseafcn bDivision of the Lungley feronautical
Laboratory 1s concerned with the dynamlc performance
crhiuracteristics of an automatlically controlled supersonic
missile configuraticn. Tnls controlled missile, or control
system, may be combinea with a missile guldance system such
as an infrared, acoustlc, or raudar-operated seeker so that
the comblnation of the ccntrol system and the guldance
system will be able to seek out and collide with a moving or
stutlionary turget. The form of these tuargets may vary from-.
a ni;sh-speed rmuneuverable jet alrcruft to a strategic ground
i{nstallutlicn such &3 a fuctory. A seeker buillt 1lntc the
rnose of a high-performance supersonic misslile conflguratlon
will give tne necessary command Slgnuls with some dynamic
errcr--error in the dynamic state; tne control system must
respond to these slignuls with sufficlent accurucy to cause
& collision with u ueslred target.

Some types of controls that may be used alone or in
a comolnuticn of two or more ure attltude angle, rlight'path
angle, normal acceleration, and roll angle. The significant

flignht angles ure 1llustrated in Figure 1.-

E.: E:- :-15 :-: .:o .:o : :s- : :oc :-.
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Stutement of the problem ana previous work done. In

this pauper, a theoretical investigatlion wus made of the
influence of the autopllot natural froquency upon the atti-
tude control system--a control of the missile's headlng
during flight. The accuracy of the control system, or the
abllity of the output to follow tne input command signal
with little dynamic error, will improve us any of the control
system elements, such as the autopilot, 1In the forward
circult approaches a simple proportlonal cqntrol witlh no
dynamics in the element's transfer function. Thls element
would have a large pass band of frequencies wnére the amplie=
tude ratio 1s constant, and the phase lug 1s zero. If this
sume element operates on the Quter-loop error signal, a step
input commund signal to the control system will cause an
almost-instuntuneous response requiring extremely high tlme
rates of change of slignal at the element's output. For this
reason, 1t 1s pot always advantugeous to have such & perfect
element follow the error siénal since the power and energy
output required 1s not practical with servomotors and
assoclated gear avallable at the present time. Also, the
cost of tiiese servomotors and uassoclated gear becomes
excessive as the puss bana required becomes laurge; therefore
limiting the pass band of u servomechanism element operatling
cn the outer-loop error signal to & point wnere tnere is no

appreciable impairment‘of the system's accuracy is usually
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¥
(A XX X ]
(XX XN ]
LAE N X}



A S R B N
IR DR T O LT SOL IO IS S ST B
R S B IR IS
CONFIDENTIAL

SECURITY IHFOK.ATION 4

desirable.

As a result of work dbne in an earller paper, the
ascurascy of control was improved by the addition of rate
feedback to the transfer function of u small-static-mufgln
missile.l Rate feedback increases the damping ratio and the
undazped natural frequency of the quadratic factor or charac-
teristic equatioa of the missile's truasfer function. [a this
Same paper, & perrect_proportional autopilot was the error-
sensing device of & zero steady-state error position servo-
meshanism., A perfect proportional autopllot is one that has
a ratio of output to lnput equal to a constant, K, for all
possiblé frequencies. The study herein considers the addition
of dynamics ia the form of a second-order characteristic
equation to the autopilot transfer function. Now, instead
of the ratio of output to inpyut being a constaant, K, for all
possible fregqueacies, this ratio is no# a complex function
of frequeacy having anampiltude as well as a phase respoanse.
The rate feedback element is a rute gyro aad servomotor
sombination designed and tested by the Control laboratory at

Langley.

Statement g£ purpose, The purpose of this puper is

1l walter C. Welson and Anthony L. 2assera, A
Theoretical Ianvestigatlon of the Influence of Auxiliary
Damping in Pitoh on the Dyhamic Charucteristics of a Pro-
portionally controlled Supersonic MIssile Configuratioa,
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to investigate the effects of the autopilot aaturul frequenocy
upon the attitude control system in terms of the transient
characteristics, and to determine how lo# the natural
frequency should be in order to yleld a4 realizable system
vith respect to cost and with respect to accumulator eaergy
and power requirements without too much loss in coatrol
accuracy over a Mach number and altitude rangé. The results
of this investigatlion ure preseated in the form of attitude-
angle, con<rol-surface-deflection, and normal-acceleration
transient responses ln response to a unlt step input comxaad

signal for several flight conditlons,
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CHAPTER II
DESCRIPTION OF THE CONTKOL SYSTEM

The attitude soatrol system oonsists‘of a Supersonic
missile, a rate gyro and gervomotor combination, and an
autopilot., This coatrol system controls the headlng of the
missile during flight. 'The input signal, 6y, 18 & desired
heading required by a guidance system and is measured from
the uncaged position of a free gyro rotor axis. The gulidance
system continuously performé the funotions of "seelng" a
target and computing what changes in the value of the exist-
ing input, ©;, ure required to cause a collislon with the
target. The rotor of the gyro holds 1ts spuce reference
during flight so that the output angle, &g, is formed by the
axis of the gyro rotor aand the mlsaile heading. A wire-wouad
plockoff supplles a voltage proportlonal to this angle and the
amplifier of the autopilot respoads to the error signal,

8, - 8,

To sum up this discussion, & guldaace system calls for
a particular heading, the free gyro compares the existing
missile heading with the heading required by the guldaace
system produsing an error voltage. The control system
responds to this error voltage correctlng the output, 85
so 1t agrees with the input, 8;. There is no steady-state

error voltage in this system since a constant voltage, €; .
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would always produce a time rate of chuange of eo. and not
merely 8, itself. This means that the output would eveatu-

ally become equal to the {aput after some passing of time,

The supersonic missile, The misslile coasidered in

this paper is a symmetrical oruciform coafiguration shown in
Figure 2. A flight test of this configuration is reported
in a puper by Gardiner and Zarovsky.l The wiags and canard
fins are of delta design with the leauding edges swept back
60° and have modified-double-wedge cross sectloas. The
fuselage flneness ratio i3 16. The canard fins provide the
required longitudinal control while the auxiliary damping

{s provided through these same czaard fins by tne aétion of
a rate gyro and servomotor combination. )

The transfer function of the misslile is obtained by
sumning up the moments about un &xis through the ceanter ofr
gravity and perpeadicular to the missile heading, and by
surming the lift forces. The coefficieats for the transfer
function are experimentally determined by fiight testiag
the missile at Wwallops Island in Virgiania. The missile
control surfaces or canards are pulsed duriag flight while
the respoase of the missile to these pulses is telemetered

to a ground station and the results recorded. The missile

T Robert A. Cardiner und Jucod Zurovsky, Rocket-
Powered Flight Test of a Roll-Stabilized Supersonic Missile

Sonfiguration, NACA Fu L9KOla, 1950.
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has sufflicient Lnstrumentatiﬁn so that the teliemetered
results, after the necessary computatioas ure made, will
yleld the stabllity derivatives. The traasfer function
coefflcients can thea be determined from these stability
der;vatives.

The canard fins sre the forward control surfuces
shown in Figure 2. The angular defleotion of these control
surfacee ure the result of the combined outputs of the auto-
pllot, aad the rate gyro aad servomotor combinution tuken
with regard to their proper signs. Four canard fians aré
{adizated by the figure, Thesé four may be employed to coa-
trol the wissile heading in space 1f the misslile Ls prevented
from rolling over by meuans of a roll control system. Such
a roll control system iadicates errors {n roll posi&ion.and
ls a servomechanismn for oorrecting the errors by actuating
x#ing-tlp control surfaces oa the aft section of the wmissile,
Diametrically opposite cunard fins ure coantrolled as one
control surface to provide the required mlssi;e heading in

one plane,

The rate gyro aad servomdotor combination, The rate

gyro and servomotor combination gives additional damping
to aad increases the natural freguenoy of the guadratic
fuztor in the missile's transfer function by providing a

zontrol-surfuce deflection proporticnal to the time rate of

: SONFIDERLEAL. °°.



'N..

CUNFIDENTIAL

SECURITY INF

RMATIO

0

L

euoy3eINITJUCD STIsETW 9y3 - Jo ydwadojoyd =-*g 9andyy

ﬁ.:wooo-q.

VOIUN AL

CRIFIZENTIAL



CONFIDENTIAL
SECURITY INFORMATION 10

chunie of the attitude anglé. Figures 3 and 4 illustrate
thie arranzement tihiat ylelds tne experimental response shown
on Figure &. Iue torque produced by the rate gyro,~due ﬁo
éo: !s ouposed by a spring 3o thut aay dajular displaéement
of the gyro zlmbul iIs propertional to éo. The valve
contreclling the tlow of oll to thé servomotor 1s linked
directly to tne rate gyrc glmbal. Tuls gimoal, in turn, has
its metion uamped by two dashpcts iinked in parallel. The
trunsient response to a step éO of the rate gyro and
servo:otor ccrvinution was cobtalned experimentally at the
Lun_ley Laboratory by cuusing a stepy deflection of the rate-
sensitive gyro gimbul. Figure £ snows the transient response
cbtuined and the ucscclated {requency response determ;ned by

tiic Fouricr scr'ies.2

Thie autopilot. Pour attitude-sensitive autopllots

are consiuered in the wnalysils uand approximated by the

trunsf'er function

Kﬂwnz

6
— (8) =
€1 s + 2w, s + “n2

]

witn the following constant coetflclents: w, = 30, o0, 70,
ana 140 raalans per second and ¥ = 0.5. The schematic and

block dlagrums of & possible autopilot arrangement ylelding

€ Kooert C. Seamans, Benjamin G. bBromberg, and L. E.
Pajue, "applicatlon ol tiic Periormunce Operator to Alrcraft
Automatic Control", Journal of aeronuutical Sclence,
15:535-55, September, 1948,

COMVIBERRE], of, $3* 3 §%
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Flgure 5.- Experimental transient response of, the rate gyro
and servomotor combination to a unit step o, and the
frequency response determined by the Fourier series.
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tnhis secononrder charucteristic equation 1s shown in
Figure 6. Thils transfer function is valld only when the
~system is conslidered to be entirely linear or when the
effects of saturation in the ampliflier, mecnhanicul stops on
the servomotor truvel, dead spot iIn the control valve.flow
characteristics, and other non-lineuritles are neglected.
This is in keeping with linear servomechanlsm theory. The
physical autoﬁilot consists of & free gyro sensitive to
attlitude-ansle error nlus a servomechanlsm for defllecting
the missile's control surfaces or canard fins. " The yalue of
the damping ratlo cnosen nus proven from exverlence to be a

good approximation of such a physical arrangemenﬁ.

0 €
_litg}—al— Autopllot Missile
- —} 6

Kkate gyrc and servo

The following is u description of the attitude control
systen block dlagram. An input signal or command, gi,
calls for archange in attitude Jhgle from some reference'or
uncaged position of the autopilot gyro.  The error signal,
¢y, thut cuuses the autopllot to respond ls

| e (s) = 8,(s) - 8 (s)

The uutopllot responds to thils slgnal &nd produces an

CONFILENTIWE *., *..
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output thnuat satisflies the transfer function

2
54 Kpon

= (s) = .
21 8% + 28w,9 + wp®

Tue rate syro und servcemotor comblnatlion produces a

control-aurfuce dellection, 6r, In response to tne signal,

éo- The trunsfer function for tle rute gyro 1s not avalla-
ble in analyticual form, but for this puper, an experimental-‘
ly deternined transient response was avallable. This
control-surface deflection, 0 = Oa - 6r, causes the misslle
to resvond and a cnange of pltcih angle, %o, 1s produced
accoruing to tne transfer function
2 (s) = ——— L las v 1)

s (s + dfimnls + ®ny )

@

Tr:is transfer functlon is obtalned from the linear
differentiul eguations of motion with constant coeffliclents
by assuming two degrees of freedom longltudinally and
dlsturbunce (rom level fllgnt. Tune Lupluce transformation
1s upplied to these equA£ions-with all initlal conditlions.
equated tc zero, and tnen tne equatlons solved for 80/5.
The maugnituue of the misslile's constant coefflclents are
functions of the flight conditions--Mach numoer and
altitude--, and ﬁne resulting values 6f the coefflcients
are presented in Tauole I. These constant coefficlents are

expressed in terms of longitudinal stablllity derivatives in

CONFIDENTIAL °*
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TABLE I

MISSILE THANSFER FUNCTION COEFFICIENTS FOK VARIOUS
VALUES OF MACH NUMBER AND ALTITUDE

Ftatic margin, 2 inches at M = 1.6;

(s) = -
5 s (5% + 251 ®pn,8 *+ mnlzl

9 - K (x5 + 1) ]

I N R
Mach Altitude } _1 ‘ ‘
number | (feet) K T ) ;1 ®p
. ] | 1 |
— T R m
. {

1.6 4,000 | 1800 | 0.268 10.26! 13.8
1.6 30,000 | 241 | .687 | .17{ 8.0
1.2 4,000 | 1240 | .287 | .21| 13.5

: P . !
2.0 4,000 L 3250 | .213 .37J 11.8
[N SR T ’
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a recent puper wrltten by Seaberg uand smith.

Tr.e normal-acceleration transient response to a unit
step input, n(t), was obtalned by cuscadlng another trans-

fer tunction onto tne original uttitude-angle block dlagram.

- -

2] € ‘ n
1 1 Autopilot Mlaaile 5‘18 , }v—
- | ‘__J

| ! |
—Rate gyro and servo|
o :

Thie operational form inulcated [or determiring n Ls

given by
n (s) 5 B8, (s)

s + 1

where Kg has tne unlts, g's per degree/second.

Finully, the control-surface-deflection transient

resncnse to 4 unit step wuas obtulned from tne g; (s)

responyse where

o] _ 8o 6
CTY (s) = 57 (s) . o, (s)

3 Ernest C. Seaberg and Earl F. Smith, A Theoretical
Investigution of an Automatic Control System with Primary
Sensitivity to “Normal acceleratlions as Used to Control a
oupersonic Cunurd Kisslle Configuration, NaCA R LOID23,

= l
1]

covy*uzNTigi'
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ad justment of the statlc gains; ig and Eﬁ. The

metnoa and procedure lor obtaining the over-all e

8 (Jw)
frequency response by closling the twc loops of tne control-
system pblock alugram was in accordance witn lineur servo-
mechanism tneory.l The static gains (zero-{requency ampll-
tude ratios), Xr of the fate gyro ana servemoter cembina-
tion and X4 of a particular autopilot, were chosen to yleld
approximacely a minimum-error response for cne {lignt
conaivion, taat is, a response with [lep(t)|at nearly
minimum for 4 sten input commund signal, 1 (t). Slnce an
anulyticui metnou or error uinimization wus not avallable for
trnls control system, plotting the centrol-system frequency
resvonse on the llcnols churt® was necessary; then the race
gyro anu cervomotor combinatlon und uutopilot static galns
were aajustec srapnically until the over-all closed-loop
frejuency response, gg (jo)° closely represénted the zero-
decibel ccntour ior'usihign a range of frequencles as

sossiole. Tnls was consldered a good dpproximation of &

i Goraon 5. prown and Donald B. Campbell, Princicles
of Servomechanlsms (New York: Joun \Wiley and Sons, 1548) .

2 larold Cnestnut and Fobert W. Mayer, Servomechanlisms
and herulating System Design (New York: Jonn Wlley and Sons,
1981), I, 319.
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riinimum-error control system.

To avoia some reaundancy, the expression, rate gyro-
servo, will meun rate gyro>und servomotor cembination
througnhout tne remainder of thie paper.

Tne procedure f'or ootainlng tne over-all frequency
resnonse and nLe metnod of adjusting the galns was as
follows. 'Ine rrequency responses of tne misslle and the
rate gyro-servo wWere pleooted and tne produét, %3 (o) =
59 ( Jw) gz (jw)s Was taken by adding the log modulus and
tne phase ugglcs on tue grapus of log mouulus plotted aguinat
log frequency, and rhase ungle aguinst iog frequency. This
proauct was thien plotted on the Nlchols churt and the closed-
loopr {requency resoonse, %z (Jw) > was obtuined by reading
tne coorulnatics ol lne supe?imposeu closed-loop contours.
at tnls point, tne static guln ol the rate gyro-servo can be
increused or decreased by merely translating the open-loop
curve verticuily to a_nigher or lower position, respectively.
Then the following operatlon was necessary to obtain the
39 . fregquency response:

5, (jo)

CIN 6p e,

5, (Jw) = 5, (jo) . 5, (Jw)
The autopilot transtfer function was added to thls
response on tne grupns of log modulus plotted againat log
frequency, and phuse angle against log frequency to yleld

the over-ail open-loop reupcnse, 92

(jw)*
€, J
CONFIDENITIE "va *oy 8 80, 280 00
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evLUL O

At this point, any varilatlon of the rate gyro-servo
statio galn altgred the shape of the open-loop frequeacy-
response ocurves, gﬂ(JQ ), and a family of ourves for each
missile and autopffot combination was produced for sevéral
values of rate gyro-servo stutic guins. This family of
curves was examined, and the curve whose modulus approximated
the shupe of the closed-loop zero-decibel contour on the
Nichols shart and had a large puss band of frequenclies wzS
chosen as that which would yleld nearly s Qinimum-error
transient response for the misslile #ith that particular
autopilof} then the sutopilot static géin vas adjusted to
position the open-loop curve so it fell somewﬁere ulong the
zero-decibel contour or bétaeen the zero- and 2.3-decibel
contours, depending on the shape of the ocurve. when this
galn adjustment was mude, the over—ali closed-lo0p response,
gg(Jw ), was obtained by reading the coordinates on the
stperimposed closed-loop contours. This was the final step
in finding the attitude-angle response fo s sinusoldal signal,
Gl(Jw )e Having.found this response, the attitude-angle
transient response to a square-wave lnput was obtained by the
method of superposition. See Appendix B for examples of the
log-modulus and phase-angle plots gnd Nichols ochurts,

Sinse it is not alsays possible by merely examinlag
slightly different frequency responses to choose the one
that wlll result in the best trmasient characteristics, it

L
)
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was necessary to obtalﬁ and exumine the transient responses
for severul adjustments of Ky and K, by the method
described 1n the previous paragraph, and the combination of
KA and Xp which ylelded the best transien£ characteristics
was selected. Thils method of adjusting the system's galns
dia not necessarlly give u minilmum-error transient response,
but 1t was believed to have given one whlch was nearly
minimum. The galns were thus adjusted for each autopllot

at MM = 1.6 and an altitude of 4,000 feet.

Holding these galns fixed, the attitude-angle
trunsient responses for other Mach numbers and altitudes were
obtained by the method previously mentioned after making the
required changes 1n the coefficlients of thelmissile's
trunsf{er functlon.

The procedure for obtaining the control-surface-
deflection and normal-acceleration transient responses to a
step_command slgnal was the sume except for tne previously
mentlicned charnges inithe block dlagram describea in Chapter

II.

Metrniod of obtaining the trunsient responses. The

translent responses were obtalned by the use of an electro-
mechunical Fourler synthesizer at the Langley Laboratory.
This machine adds a finite number of terms of a Fourler

series.® Since the frequency response of the system

S Seamans, Bromberg, and Payne, loc. clt.
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‘ncluding the missile, rate gyro-serve, and the autopllot
wusS avallable, tie system's response to a squure-wave input

was determined by tne method of superposition. The output

produced was

Amplitude ratio nw) A
Z . sin[rm t + (Phase angle) :’

n 1 nw
n*1,3,5...23 : 1

Ao

One requlrement was that 1t was necessary to have the

perioca of trne funaamental frequency,u)l, larze encugh so

that &ll cf tne transient motion had essentlally died out by

trie end of eacn half cycle. Twelve odd harmonics usually

gave a gool arproximution for thne response of tue system to

4 square-wave lnput. The rate-dumped missile wnd autopllot
were equivalent to an electrical low-puass fllter so that
uny high-frequency naurmonics were greatly attenuated

melutlve to tne fundamentul and tnereby contributed little

to the translent response.
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RESULTS &ND DILCULSION

The unulysls was conducted to determine the effects
of the natural frequency of autopllots on the performance
churacteristics of an attitude control system. Nearly
minimum-error transient responses of the rate-daﬁped missile
und autopllct combination were obtaeined for M = 1.6 and an
ulfitude of 4,00C feet with sultable adjustments of the rate
gyro-servo and autopllot static galns. These resulting galn
constants wlth tne correspondlng autopllot natural frequen-
cles are presented in Table II. Witn these same guains,
attitude-angle transient responseé for flight conditlons,

d = 1.2 and M = 2.0 at an ualtitude of 4,000 feet and i = 1.6
at an altituae of 30,000 feet, were obtulned to determine the
effects ocn the system due to changes in flight conditlons.
Also, ccntrol-surface-deflectlon translient responses were
founa for flight conditlions, M = 1.2, 4 =1.6, and % = 2.0
at 4,000 feet, and all flight conditiohs considered for the
missile with an autopilot having a natural frequency of 50
rudiuans per second. Normal-acceleration translent responses
were obtalned for the autopilot natural freguency of 50
rauluns per second for all flight conditlons considered and
for all other autopllots «t M = 2.0 and 4,000 feet.

In studying the results herein, there are three

24
'CONFIUENTIAL. °°,
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TABLE II

AUTOPILOT AND RATE-GYRO-SERVO STATIC GAINS TabULaTkD
AGAINST AUTOPILOT NATURAL FREQUENCY

' : 1
[Adjusted for M = 1.6 and altitude of 4,000 feet]

L | l

PO A et B

| | |
| 140 0.08 : 2,32

; I

70 .13 ! 2.43 |

| |

50 .16 | 2.82 ;

30 .10 J 1.26 {
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s®000

sallent translent characteristics appearing in this dis-
cussion that need to be defined: amplitude of the initial
overshoot, rise time, and response time. The amplitudé of
the initlal overshoot is ﬁhe magnitude of the first peak
above and measured froan the steady-state value.l The rise
time Ls the time for the output, 6,(t), to laltlally reach
the steady-state value. The response tine is the tlmé re-
quired for the output to reach and remain withinz 5 percent
of the steudy-state or final value. These Salient uattitude-
angle transient churacteristics sre illustrated ln Figure 7,
Since thé output of most physical systems cun at best only
follow the input with some small dynamic error, the best
approximation ofva desired transient response is the one

that has & small anplikude for the initial ovérshoot, a short
rise time, and a short response time. Deslrable transient-
response characteristics are those that reduce the transient
dynanlc error; howsever conslderation of the structurél and
the control-surfaece-deflectlon rate limlitations aay put soxne
restrictlons on these transient charucteristics, Also, &
misslle and asutopilot combination may have trunsient charac-
teristics that are desirable for one fiight condition,vhut
changes in ach number or altitude may cause a radical change
iﬁ the énplitude of the lnitial overshoot, response time, aad-
rise time. Another systemn may have transient sharuacteristics

that yleld a slow response or one with appreclable transient

SONF LLENT.LaZt, *°,
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o,(t),attitude angle,deg

A i i i Iy - d —d

4 .6 .8 1.0 1.2 1.4 1.6 1.8

Time,t,sec

_Amplitude of the 1nitlal overshoot
Rise time '

‘Response time

O O w >
'

Transient error

-angle transient response
1stics: amplitude of the
time, and transient

Figure 7 .= Representative attitude
{llustrating transient character
initial overshoot, response time, rise

error
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error, and yet, changes in flight oconditions muy not have
mch effect on these transient charsaoteristics. It may be-
come neopessary, dépendlng on the application, to sacrifioce
desirable transient oharacteristics for poorer transient
characteristics that are more sonsistent over a Mach number
and altitude range. The particula: applicution of fhe
control system will dictate what considerations are necessary
for effective control, |

A physical system may exhlbit non-linear behavior
caused by some linitation on the control-surface deflection
either due to stops built into the ocontrol system, finite
length of the servomotor stroke, or limit on the aerodynamic
control effectiveness., For examnple, in o:der to produce the
required attitude-angle fransient response, the inputs to the
servomotors may call for a large oscillatory oontrolfsurface
angular displacements through the coablned outputs of the
rate gyro-servo and autopilot causlng the servomotors to
linit at a naximun angular deflection and to remaln there
until the signals to the servomotors call for a redustion in
the control-surface deflection from this aaximn value.

The linear analysis for the control system nay also
call for a rate of servomotor dlisplacement that is beyoad the
physical 1imit of a particular valve and servomotor 6ombL-
nation. This power limitaution,which, for exumple, night be
due.to sozme restriction in the time rate of volume flow for

’
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a hydraulic fluld under a glven pressure, was not considered
in the analysis. The transfer function for the autopilot
was based upon the servomotor ouput velocity, i, being
proportlonal to the transfer vulve displacement, y. This
linesrization of the vulve flow characteristics aad tne
assumnption of inconpressible flow ylelded the second-order
characteristic equation or the autopilot. Seé Appendix A.
orecautions should be tzken to prevent sach aon-
1inear behavior in & control system. [f, hovever, such be-

havior does exlist, consideration should be given to determine

to what extent the linear method of analysis is valid.

Attitude-angle traasient responses. Attltude-zagle

translent responses are presented in Figures 8 through 11,
The traaslent charagteristics ure sunnarized in Figures 12
and 13,

Figure 12 shows that, in geaersl, increasing the
natural frequeacy of the autopilot for all dach aunbers aad
zltitudes considered csuses the rise time and the response
time to decrease. The inltlial overshoot did not have any
significant tread so it wus neglected.

Figure 13 also shows that the greatest {aprovexsent in
the transient characteristlcs occurs for the system with aa
autopllot aztural frequeacy betweea 30 aad 70 radians per
second. ©TFor the systen with aa autopilot natural frequency

greater thaa 79 radiaas per second, tae improvemeat is aot so
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@re S.- Lonzitudinal translent responses, €, (t), of the
ccntrel system to a unli step input signal calling for a
trange in atiliude of 17. K. = 0.1C; Kp = 1l.26.
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30,000 ft
M3z 1.6

6o(t), auttitude ungle, deg

o’.’ N N 1 4 » o
o .2 .4 .6 .8
' Tize, t, sec

Figure g.- Longitudinal transient responses, 6,(t), of the

control system to a unit step input signal calling for a
. change ln attitude of 1°, K, = 0.16; K, = 2,82.
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Autopilot = KA‘Dnz
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FigurelO.- longitudinal transient responses, Oo(t) of the
control system to a unit step 1npu§331§nal calling for a
. ’

change In attitude of 1°. K, = 0O A T 2443,
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pronounced; however at tnese {requencies, the cost in the
dealgn and constructlion of such autoplilots begins to incresase
aporeclably. For an economlic reason, the posslble added
Improvement us ua result of using an autcpilot natural
frequency greater than 70 will be outwelghed by the increased
cost.

The tctul transient error, or ,flel(t)(dt wus
computed by Integrating with a planimeter over the attltuaue-
angle transient response from zeroc time to the time required
for the output tc reach and remaln within £ percent of the
steady-state value. This total transient error 1s a method
vof evaluating the combined effects of the transient charac-
teristics una 1s lnalcative of how well the output follows
the input signal; the magnlitude of thls error should be neld
ut & minirmum jor accurate control.

Stnce the analysis did.not include un attempt to
riinimize any one of the transient characterlatlcs sﬁch as
the rise time, response time, or the Initial overshéot, there
may be some wppllcution where one, two, or all>tnree of these
charucterlstics must be neld below some previously aetermlned
minimum. The minimum-erro} criteria employed in the analysis
may not necessurily minimlze any one of these sullent charac-
reristics unless the criterla 1s modiflied by welghtlng the
error signal, el(t), with some functlon of time, f(t),

yileluing /1cl(t)|f(t)dt that should be held at a minimum.
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This function of tinme may be chosen arbitrarily to favor a
transient with a short rise time, & short response tiune, or
8 small overshoot.

Further, the ainimum-error criteria employed in the
analysis must be used with cautlon whenever there is noise
present in the command signal. A control system having u
snall value of [|ej(t)|dt is usually assoclated with &
control systemn having 4 relutively large bandwidth. Figure
14 {s included to lllustrate the type of pass band and the
magnitude of the bandwidth of the attltude control system.
Wnen a randon disturbance or noise ls present in the command
signal, there may be unwanted motion at the output of the
control system, and lncreasing the bandwidth will usuually
increase the magnitude of this uaowanted motion; therefore,
to reduce the effects of noise at the output, the bandwidthb
can be reduced with some loss in control accuracy. wWhen &
randon signal is present over the eatire pass band, there
arlses the very coanplex problem of determining the type of
control-system frequensy response that will keep the error
due to nolse at a minimum and the error between the desired
{nput and output at a mninimum. Obviously, soxe sacrifice
must be made in control ac:uracy to reduce the effects of
nolse at the,output. There have been‘Sone recent advanoe-

.'nentsl in the methods of determining the type of frequeacy

T A, Tustin. Autouatic aad ghngq} Cons
Academlc Press Inc., 552,. Tel Ten e o ous o
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responses necessary for coantrol systems with randon disturb-

ances in the anut signul largely as u result of w~ork done

by WLener.2

Control-surfuce-deflection aad noraul-acceleration

transiént responses. In order to present & xore conplete

analysis of the rate-damped_miseile and autopilot combi-
nation, control-surface-deflection and normal-acceleration
transient responses to & unlt step inmput signal, 6;(t), are
presented in Flgures 15 through 20. Since there aure physical
linitations on structural loads, amplitude of the ocontrol-
surface aagular defleotions, and tlne rates of ohange of the
control-surfsaoce deflections, these trunsients are useful in
determining what maximum values to expect for aay step ilnput
signal. Also, the &6 traansient responses indicute what total
accumulator energy aad what peak accumulator power is
requlred Ln response to‘a step input, &1(t).
Control-surfaoe-deflection translent responses were
obtained for the missile snd autopilot combination ~ith tpe
| autoplilot natural frequenotes of 30, 50, 70, and 140 radians
per sécond and for an altitude of 4,000 feet ut all dach
nunbers conslidered. A response was also obtained for an

autopllot natural frequency qf 50 radians per second ut

2 N, Wiener, Interpolation, Extrapolation, uad
Szoothling of Statlonary Tlime Serles (New York: John Wlley

and Sons, 1949).
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n(t), normal acceleration, g's

R ey
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Figure 19.- Longitudinal transient respdns;‘fob normal
acceleration, n(t), of the control system to a unit

step input signal calling for a change in attltude
Of 100 Kr = %.16; KA =XI5082- g v
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M= 1,6 and an altitude of 30,000 feet,

Feviewlng the & transients presented, sone general
conclusions sre rgached. For the missi;e aad all autopilots
considered, the amplitude of the maxinum control=-surface |
deflection; in general, decreases w~ith an increase‘in Jach
nunber for an altitude of 4,000 feet. For flight conditions.
at 4,000 feet and sall fach numbers considered, increuasiag

the w, of the autopllot lncreuses the «anplitude of the

n
nmaximun overshoot. The aaxinun control-surface deflection

for a step lnput signal, ©;(t), locreuses #ith an increase in
altitude for the autopilot with an wn = 50 at L= 1,6,

Figure 21 presents the total 6’tr4vel, in resgonse to
a step input signal, conputed from the 6 transient responses,
This total O travel, or_/ﬂ%%idt, was obtalned by maaually
adding the totzl aagular displacements of the 0 transieat
responses., The sczumulator supplies the hydraulic fluid
to the traasfer valve and servomotor conbinaution. éecause
of the assumption of incompressible flow, the volume of
fluid supplied to the servomnotor is proportional to the
servomotor displacemnent wshich is, in tura, proportional to
the control-surface angular displacemeat. A further as-
sunption is that the fluid in the accumulator i{s under
constant pressure. Reference to the accumulator energy
supclied to the servomotors in this paper is the product of

the constant accumulator pressure and the voluxze of hydraulic

CONr I lan '
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Autopilot =

32 2;0)']8 + mn2

29 -
16 -

12 -

//wg%ldt, total scontrol-surface trauvel, deg
—
(e ]

0

0o 20 40 60 80 100 120 140 160
Autopilot natural frequenoy, wp, raudlans per seo
Fisure 21.- Plot of total 6 travel against autogilot natural

frequency in response to a unit step lnput signal. Xof
autopilot, 0.5.




. QQ_NF .L)LVJ. IAL
k4

‘IWFO{(@:AIOJ” b C, 45

...

[

N

[ Y ’ ’
. ! N !
’
» » oy

I3
L T A

fluid supplied to the servomotors. The aczumulator peak
power suppliei is the maximim rote at which this energy is
exrhdusted at any instuat by the servomnotors in response to

a step iaput signzl.

Figure 21 illustrates that more accumulator stored
energy is requlred for the high natural fregueacsy autopilots
than for the low frequeacy. In geaer=1l, the accumulator
eaerzgy supplied does not insredse appreciably above the
1atufal frequency of 70 raudians per second.

Fizures 15 through 18 1llustrate thdt the peak power
rejuired of the aczcumulator is higher 10r the systen with
the higher natural frequeacy. To supply this pesk power,
the restrictioas to the flos of fluid should be kept at a
nin{imun by making the cross-sectlonul ureas of the vaive aaid
servomnotor ports aloag with the connecting tubing large.
Since this requires that the adcumulator aad thé usSsociated
gear te large physically, the spacze und weight linitatioans
mzke it a requirenent to keep the natural f:equeacy near the
lovest value that ylelds satlsfaztory coatrol accurecy.

Yornal-aczceleration transient responses were obtaiaed
for the systemn having aa wutopilot natural frejuency of 50
radizas per secoand for all Mach numbers and altitudes con-
sidered aad for the systexm with the four autopilots
considered at the highest Jlach nunber., The highest .Jfach

nanbter was chosen siace this flizht condition'usually ylelds
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se cirhest vulue of g or a Slven & altituue, ana would set

sie 1imit on the maximun amplivuae of e inous step slignal
se thnur the misslle will not be stressed neéar its structural
1105 wntle responcing to cormands. Tne neormal-accelcration

resnonses shown forr s = 2.0 illustrate Lnubt as

C

<
(%)
[
I
o
cr

wy incriwses, tue maxlnum normal acceleration Increases.
Fer o = 80 ana .1 = 1.6, increasing the wuitlicuae decreases
Lne mexipum normul mcceloratlon per aegree of input, ©3(t).

Finailj, lor tne autopllct o, = £0 at 4,000 feet, lncreasing

18 WaecCcn numoer increases the maximum overshioot for tne n{t)

transiens resgonse. Fizure 22 illustrates tiiaut the struc-

- . -
Lla s

fural “imit 13 auproacned rapldly as the autoplilict na

I

i reguency reacnes 140 radlans per second.
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CHAPTER V
CONCLUSIONS

Ac a recsult of the theoretical investigation of the
influenze of an autopilot anatural frequency upon the dynamic
performance of un attitude-angle control system, the follow-
ing conclusions are reached.

For all =utopilots zonsidered, increasing the
autopilot natural frequency causes the accuracy of control
to improve, wad the rise and response times to decrease,.

The improvement in the attitude-angle trunslent character-
istiss as the autopilot natursl freguency increuses is
greater for chaagzes in natural frejuency from 30 to 70
radians per second with smaller improvement for natural
frequenzies greater thun 70 redlans per secoad feor all flight
condltions considered except at an altitude of 30,000 feet.

For all flight conditions considered, the reguired
stcred energy increases as the autopilot natural fregueacy
tnareacee from 30 to 70 rudians per sezond. Beyond 7V
radlans, however, the amount of stored fluid aecessary for
2ontrol does not lncrease significaatly for some flight
conditions. The peak accumulator powver does increase with
inereacses in autopilot amtural frejuency. 4Also, the stresses
in the missile's structure due to normal acceleration in-

sreases rapidly beryond a aatural freguency of 70 radians per
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second.,

From the above considerations, aa autopilo% aaturdl
frequency of 70 radians per second appeal's to be a good
compromnlise. At thls frequency, the accuracy of coatrol is
sufficient, and the zost of construc;ing 2uch unvautopilot
would not bte excessive, 4lthough it is possible to choose
a nigher natural frequency when the amount of stored eaergy
or fluid is the only consideration, the peak power
recuirement and the miscsile's normal acceleration favor tne
lovest autopllot anatural frequeacy thut ylelds satist«ctory
sontrol accuarsacy.

The data obtained from investig:ﬁioas of this type
may te used by the control System desigaer la conjuaction
~ylth space, weight, aad economic consideratioas to determiae
the most pructical automa%ic pilot specifications. For other
miscsile configﬁrations and control systems, a similar in-
vestigation would be rejuired to obtain the data needed for

selecting an autoplilot compromise,
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LINEARIZATION OF THE THANSFER VALVE CHARACTERISTICS YIELDING
THE RESPONSE THAT THEE SERVOUOTOK VELOCITY IS PROPORIIONAL TO

THE VALVE DISPLaCEUENT

\J-J-“-Y“" PR R ‘e

ERRVIF S T he A
L S
‘—»-x [ Servomoggg__
EZZded $777W”T7fﬂ/
——y QQ&\ : ,//Transfer valve
l ] - ¥
(T oo 1/
oy = A

Accumulator

a area of the servomotor piston, inches?

Kp proportlonality constant between the volume rate‘of
flov of fluld and the servomotor linmear veloclty,
3, feetO/second per foot/second

K, prgportionallty constant between the volume rate of

flow of fluld and the transfer valve linear

displacement, 3, feet®/second per foot
y .
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P pressure drop';c;gés"fﬁg éz;eimaio};piétEH,sﬁounds
per inchz
Ps pressure in the accumulator, P+ P,, pounds per inch2
Py pressure drop across the transfer v«lve; pounds per
1noh2'
q volume rate of flow of fluid, feet® per second
Z, load impedunce analagous to electrical impedance

The following is a plot of transfer vulve flow
characteristizs whioch is representative of results obtalned

experimentally.

va >PV2 >Pv1 I% Pvz
| Pvy
—— . 7 e

The dead spot shown at the origin is due to the valve spool
overlapping the valie ports. If this characteristic 1is
linearized by considering only small valve displucements--
y--, no overlap; and smallvvariations'of the servomotor
displacement--x--and all its derivatives, then

(1) @ = Ky¥ |
Further, if the assumption of aun incompressible fiuld is made,-
the servomotor will satisfy the relation, .

(2) q = Kpi,

Therefore 1f the ascumulator pressure 1s of sufficient
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magnitude such that
(3) uaP = Z,x,
then from the relations, (1) und (2), the servomotor veloclty

is proportional to the valve_dlsplacement.

SodFLENTLAL 77 0T
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LOG-MODULUS AND PHASE-ANGLE PLOTS AXND ﬁICHOLS CHARTS

log-modulus and phuse-angle plots—-fﬁ(: m_),f; (J @ )

ot 8o

° 5 9|
flctted on the open-loop coordinutesvare illustrated fgr

¥ = 1.6 at 4,000 feet und an autopllot natural frequency of

QO radlans per second.
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[

%? (Jo), %_(jco)--and Nichols charts withfz (o ) aad Eg(ja))‘;lygr

The Wichols chart, llke the Nyquist diagram, ladlcates A

vhether or not a system is stable and rcughiy lndlcates the

amount of overshoot aad response time to expect wshen the

eystem is subjected to a step input sigaul. The superimposed

contours yleld the closed-looy response, lKGKG (Jw), if
+

O =2 A-B., ¥CG{(Jw ) is the zomplex gain or response of u

systex's cpen-1o0p trunsfer fuaction to sinusolidal inputs

(e =2 Jw ).

A S 1 :
IO Ke(jo) 2

These methods zre identical to those employed in

netyorx and feedback amplifier theory.
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